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Introduction

Set up

I" is a set of vertices x € I with a metric d.
The Hilbert space at x € I is Hx and for any finite A C T is

?{A == <§§> ?{X'
XEN
The algebra of observables supported in A is
An = ) B(Hx)-
X€EN
The algebra of local observables is
AP = An.
ACT

Ar is the norm completion of Aje°.
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Introduction

Restriction on I': there exists a non-increasing function such that:
i) F is uniformly integrable over T, i.e.,

IF]l :=sup ) _ F(d(x,y)) < ce,

xel yer

ii) F satisfies

F
C:=su
S 2 Fdn,y)

For any 1 > 0 the function
Fu(x) = e " F(x),

also satisfies i) and ii) with || F,|| < ||F||and C, < C.

B.Nachtergaele, A.Vershynina, V.Zagrebnov ( Irreversible dynamics HarvardMay 19, 2011

3/18



Introduction
@ Hamiltonian part: for every t € R
®(t,-) : {set of subsets of '} — Ar,
such that ®(t, X) € Ax and ®(t, X)* = &(t, X).
@ Dissipative part: for every t € R and any finite Z C T
La(t,Z) e Az, a=1,..N(2).
@ For every t € R and any finite A C I define the family of bounded
linear maps Lp : Apn — Ap:
N(Z) 1
+ Z Ly(t, Z)AL4(t, Z) = 5{La(t, 2)" La(t, 2), A})

La(t)(A Z Wz (t)

ZCA
for all A € A,.
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Introduction

Assume that the maps WV z(t) are completely bounded, that is,

for any n > 1 the maps Vz(t) ® idy,, are bounded with uniformly
bounded norm.

Define the cb-norm as

[W]|eb = sup [V @ idy, || < oo
n>1

Assumption

Given (I',d) and F as above assume that
@ Forallfinite N C T, Li(t) is norm-continuous in t.
@ There exists u > 0 such that for every t € R

[Wz(8)lleb
W||¢, = Sup sup e
| Htu se[O,t]x,ye/\ZaxJ,Fu(d(X,Y))
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Introduction

Note that

LA < D IvzdI < Yo >0 vzt < [1W

ZCN X,yeN Z>x,y

[l AFI = M.

Also one gets M; < M; for s < t.
Fix T>0,forall Ac Ax and t € [0, T], let A(t) be a solution to the
initial value problem

d

A = LAAD).  A0)=A (1)
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Introduction
Note that

LA < D IvzdI < Yo >0 vzt < [1W

ZCN X,yeN Z>x,y

[l AFI = M.

Also one gets M; < M; for s < t.
Fix T>0,forall Ac Ax and t € [0, T], let A(t) be a solution to the
initial value problem

th(t) — LA(DA(D), A(0) = A. (1)

For0 < s <t < T,define {7)s}o<s<t C B(An,An) by
1s(A) = A(b),

where A(t) is the unique solution of (1) for ¢ € [s, T] with initial
condition A(s) = A.
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Cocycle

Theorem

LetT >0, and fort € [0, T], let L(t) be a norm-continuous family of
bounded linear operator on a C*-algebra A. Suppose that

(i) L(t)(1) = 0;

(i) for all A € A, L(t)(A*) = L(t)(A)*;

(iii) for all A € A, L(t)(A*A) — L(t)(A*)A— A*L(t)(A) > 0;

then the maps vts, 0 < s <t < T are a norm-continuous cocycle of
unit preserving completely positive maps.

The map v : A — B is completely positive if, for all n > 1, the maps
y®id: A® M, - B® M, are positive.
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Cocycle

Theorem

LetT >0, and fort € [0, T], let L(t) be a norm-continuous family of
bounded linear operator on a C*-algebra A. Suppose that

(i) L(t)(1) = 0;

(i) for all A € A, L(t)(A*) = L(t)(A)*;

(iii) for all A € A, L(t)(A*A) — L(t)(A*)A— A*L(t)(A) > 0;

then the maps vts, 0 < s <t < T are a norm-continuous cocycle of
unit preserving completely positive maps.

The map v : A — B is completely positive if, for all n > 1, the maps
y®id: A® M, - B® M, are positive.

For L£a(t) property (iii), which is called complete dissipativity, follows
from

N(Z)
L(D)(AA)-L(D)(AVA-AL(1)(A) = D D [A La(t, 2)'[A, La(t, Z)] > 0.
ZCA a=1
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Cocycle

Outline of the proof

Let £(t), t > 0 be a family of operators on a C*-algebra A satisfying
the assumptions of Theorem.

An Euler type approximation

H<1d+ L( kt)

k=n

Lemma
Uniformly for all t € [0, T],

=0.

n“_>moo | Ta(t) —

Then we show that T,(A*A) > N,(t)||A|| and Ny(t) — 0 as n — oc.
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Lieb-Robinson bounds

Lieb-Robinson bounds

For reversible dynamics:
there are constants v, i > 0 such that for A€ Ax and B € Ay,

1A, 7(B)]]| < C(A, B)e X)),
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Lieb-Robinson bounds

Lieb-Robinson bounds

For reversible dynamics:
there are constants v, i > 0 such that for A€ Ax and B € Ay,

1A, 7(B)]]| < C(A, B)e X)),

For X C A, let Bx be a subspace of B(.Ax) consisting of all completely
bounded linear maps that vanish on 1.
Note that the operator

N
K(B) = [A Bl + 3 (L3BLa — 1 {LiLa B)).

a=1

where A, L, € Ay, belongs to By.
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Lieb-Robinson bounds

Theorem

Suppose Assumption holds. Then for X, Y C A and any operators
K € Bx and B € Ay we have that

”K:(’Y{} ( ))H < H’CHCbHBH |\|l||[HC [t—s| ZZF X LY )

xeXyeY

It could be rewritten as follows
|1 Klleo]| Bl
C

n

ll¢,u Cpe
Wt 1))

IKAts(B)| < || min(|X], | Y])e (@XY)-

The Lieb-Robinson velocity of the propagation is

_ V]G

tnu‘ .
1%
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Lieb-Robinson bounds

Outline of the proof of Lieb-Robinson bound
Consider the function f : [s,00) — A,
f(t) = Kyps(B)-

For X C A, let X¢ = A\ X and define

Lxe(t) = Y Lz(1)

Z,ZnX=0
Lx(t) = La(t) — Lxe(t).

Then

f'(t) = KLA(t)s(B)
= Lxo(1)K11s(B) + KLx(t)71's(B)
= Lxe()f(t) + KLx()11s(B) ,
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Lieb-Robinson bounds

v is generated by Lye(t).
Then,

t
(1) = 4XH(s) + / LX)y o(B)ar
S

and therefore

t
IFOI < ()]l + H’Cch/S IZx(r)7.s(B) | dr-
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Lieb-Robinson bounds
v is generated by Lye(t).
Then,
t
() =5H(6) + [ AKX o(B)ol
S

and therefore

t
IFOI < ()]l + H’Cch/S IZx(r)7.s(B) | dr-

Define

TAN(B
Cs(X,t) :== sup M
TeBx HTch

Clearly,
Cs(X,s) < [|B]dy(X),

where 0y (X) =0if XNY =0 and §y(X) = 1 otherwise.
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Lieb-Robinson bounds

Ca(X, 1) < Cp(X,8)+ > _ ||£Z )|Ca(Z, s)ds.
ZnX£0"S

Iterating this inequality we find:

> (t—s)"
cox.n < 181y =,

n=0

an < VI7,C071 Y > Fuld(x

xeXyeY

where:

forn>1and ay = 1.
Therefore

Co(X. 1) < HCBHe""WC“ (=95 37 Fy

xeXyeY
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Lieb-Robinson bounds

From definition of Cg(X, t) we get

||IC(’7{} ( ))H < H’CHCbHBH ||\U||tuC [t— S|ZZF X y)

xeXyeY

Using definition of F, we can rewrite it

A 1K]lev | B - —u(d(X,y)- el )
IKts(B)l < — " [IFlimin(|X],]Y1)e :
°w
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Lieb-Robinson bounds

Existence of the Thermodynamic Limit

Now let I be an infinite set.

Let A, C T, n > 1 be a family of an increasing and absorbing sequence
of finite subsets. Suppose that Assumption (2) holds uniformly for all
Anp.

Theorem

Suppose that Assumption holds for A = I'. Then, there exists a
strongly continuous cocycle of unit-preserving completely positive
maps 71 s on Ar such that for all0 < s < t,

Nim_[[728(A) = 1s(A)ll =0, (2)

forall A e Ar.
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Thermodynamic limit

Outline of the proof

Consider the function
() =12 (A) = 7{D(A) .
Calculate the derivative

F(t) = Lo\ D(A) — L %( )(4)
= LoD (A) = A D(A) + (Lalt) — Ln(t) 1T (A)
= La()I() + (La(t) — LD D (A).

The solution to this differential equation is

t
(1) = / ADLo(r) — LD (A
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Thermodynamic limit

Therefore
t m
10 < / 1(Ln(r) — L)1 (A) o
<Y ¥ / W2 (2 (Ao

ze/\n\Am Z>z

Using the Lieb-Robinson bound and the exponential decay condition

Hf(t)HSHAHHWHt,u/ e"rdr|X|sup > Fu(d(x,2)).
XeXZE/\n\/\m
Thus
(A — /D) (A)| 0, as n,m — .
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Thank you!

v

«O0>» «F»r « > o
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