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These are notes for talks given in Boston in
April 2006 at:

(i) Number Theory Seminar, Boston University
(ii) Eigenvariety semester, Harvard University
(iii) MIT colloquium

Various subsets of these slides were used for
each talk!

The goal of these talks is to report on recent
progress on Serre's conjecture. All of this is
joint work with J-P. Wintenberger.



Statement of the
conjecture

Let 7 : Gal(Q/Q) — GL»(F) be a continuous,
absolutely irreducible, two-dimensional, odd (detp(c) =
—1 for ¢ a complex conjugation), mod p repre-
sentation, with [F a finite field of characteristic

p. We say that such a representation is of
Serre-type, or S-type, for short.

We denote by N(p) the (prime to p) Artin con-
ductor of p, and k(p) the weight of p as defined
in Serre’s 1987 Duke paper. The invariant
N(p) is made out of (p|;,)¢xp and is divisi-
ble exactly by the primes ramified in p that are
+ p, while k(p) is such that 2 < k(p) < p? —1
if p#~=2 (k(p) =2 o0or 4if p=2), and is made
from information of p[y,.

It is an important feature of the weight k(p),
for p > 2, that if Xp s the mod p cyclotomic



character, then for some i € Z, 2 < k(p®¥,") <
p+1 (as this range almost falls within the range
of Fontaine-Lafaille theory!).

Serre has conjectured (1973—1987) that such a
p arises (with respect to some fixed embedding
L Q — Qp) from a newform f of weight k(p)
and level N(p). We fix embeddings ¢ : Q — Q,
for all primes p hereafter, and when we say
(a place above) p, we will mean the place in-
duced by this embedding. By arises from we
mean that the reduction of an integral model
of the p-adic representation pf associated to f,
which is valued in GL>(O) for O the ring of in-
tegers of some finite extension of Q,, modulo
the maximal ideal of O is isomorphic to p:
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Two forms of the
conjecture

It is convenient to split the conjecture into 2
parts:

1. Qualitative form: In this form, one only asks
that p arise from a newform of unspecified level
and weight.

2. Refined form: In this form, one asks that p
arise from a newform f € Sk(m(l‘l(N(p))).

A large body of difficult, important work of a
large number of people, Ribet, Mazur, Carayol,
Gross, Coleman-Voloch, Edixhoven, Diamond
et al., proves that (for p > 2) the qualitative
form implies the refined form. We focus only
on the qualitative form of the conjecture.



In fact the conjecture, especially in its quali-
tative form, is much older and dates from the
early 1970's. The qualitative form of the level
1 (i.e., N(p) = 1) conjecture/question was of-
ficially formulated in an article that Serre wrote
for the Journées Arithmétiques de Bordeaux
in 1975. Perhaps the restriction to level 1 is
merely for simplicity. The fact that it is only in
a qualitative form, in the weight aspect, is for
a more substantial reason. The definition of
the weight k(p) is delicate and probably came
later.



Some early results

Serre wrote about the level one conjectures to
Tate on May 1st, 1973. Tate replied to Serre
first on June 11, and then on July 2, 1973: in
the second letter, he proved the conjecture for
p = 2. The method of Tate for p = 2 was later
applied to the case of p = 3 by Serre. The case
of p = 5 was treated under the GRH by Sharon
Bruegemann. In these cases one has to prove
that there is no representation

p: Gal(Q/Q) — GLo(F)

that is odd, irreducible and unramified out-
side the residue characteristic of F where [F =
Fo,F3,F5. The method of Tate was to bound
the root discriminant of K3, the fixed field of
the kernel of p, from above and play this off
against lower bounds given by Minkowski (and
then strengthenings of this of Odlyzko).



Historical backdrop

Serre made his conjecture when Deligne had
attached Galois representations to higher weight
newforms and Swinnerton-Dyer and Serre had
been studying the properties of these represen-
tations.

For instance, consider the Ramanujan A func-
tion, which is a cusp form of weight 12 on
SLQ(Z)Z

A(z) = qN(1 — ¢")** = Z1(n)q"

with ¢ = e2™%, This is an eigenform for the
Hecke operators 1T, for each prime ¢, where the
action of Ty is given by:

A(2)|Ty = Zr(nl)q" + 1157 (n)q™,

and the fact that A is an eigenfunction means
that

A)|Ty=16)A(z).



For each prime p there is an attached Galois
representation

pap: Gal(@/Q) — GLa(Zy)

which is irreducible for all p, and which is un-
ramified outside p. This is characterised by
the property that the characteristic polyno-
mial of pa ,(Froby,) for all primes £ # p is
X2 —7(0)X 4 ¢t

Swinnerton-Dyer and Serre proved that this
representation has large image, i.e., pAm(Gal(@/Q))
contains SLy(Zp) for all p different from

2,3,5,7,23,691.

This they did by first proving that the mod p
image contains SL,(IF,) for these primes. This
sufficed as Swinnerton-Dyer had proved:

Lemma: For p > 3 a closed subgroup of GL2(Zy)
that contains SL>(F,) in its reduction mod p,
contains SLo(Zyp).



Congruences between
modular forms

They also initiated the study of congruences
between modular forms which has been an in-
tense focus of research ever since.

For instance they observed the following which
IS a particular case of a result of Serre:

A(z) = qM(1 —¢")** = qN(1 — ¢™)?N(1 — ¢")*?

=~ gM(1 — ¢™)?N(1 — ¢1™)? (mod 11)

and the latter is the g-expansion of the unique
cusp form in S>(IMg(11)).

It is in this context of the study of Galois rep-
resentations attached to newforms, and con-
gruences, that Serre asked for the converse di-
retion.



Measures of the
complexity of p and
Known cases

T he difficulty in proving the modularity of a p
can be either measured in terms of the ramifi-
cation properties of p, for example N(p), k(p),
or in terms of im(p).

The results proven by Tate and Serre early on
were for the cases of residue characteristic p =
2,3 and N(p) =1, i.e., cases which were more
tractable in terms of the first measure.

The results of Langlands, and Tunnell in the
lates 70's and early 80's, implied Serre's con-
jecture when im(p) is solvable, i.e., cases which
were more tractable in terms of the second
measure. In our proof the “complexity” of p
is again, like in the results of Tate and Serre,
measured in terms of the ramification proper-
ties of p.



Taylor’s potential
version of Serre’s
conjecture

A very important breakthrough was when Tay-
lor proved a potential version of Serre’'s conjec-
ture, i.e., there is a totally real Galois extesn-
sion F'/Q such that p|g, arises from a Hilbert
modular form. This is one of the main inputs
into the proof of our theorem. To make the
result easier to use Taylor also ensures that F
is unramified at p.

In some cases Taylor, and following Taylor's
method, Manoharmayum and Ellenberg, were
able to control F' to be solvable and thus prove
some (non-solvable) cases of Serre's conjec-
ture when the image was contained in GL,(Fsg),
GL>(F7) or GL»(Fg). The case when the im-
age is contained in GL»(IF4) had been addressed



by Shepherd-Baron and Taylor by another method.
We see again that the conjecture is proven by
this method when im(p) is relatively small.



T heorem

Theorem(joint with Wintenberger)

(i) For p > 2 Serre’s conjecture is true for odd
conductors, i.e., for p unramified at 2.

(ii) For p = 2 Serre’s conjecture is true when
k(p) = 2.

We expect that the general case of Serre’s con-
jecture is not far away.

Part of the proof of this theorem, Serre’s mod-
ularity conjecture: the odd conductor case (I)
IS available at http://www.math.utah.edu/ shekhar:
this part proves the theorem modulo 2 techni-
cal results which are proved in the part that is
being written.

In the latter part of this talk, when we give
some proofs, we will focus on the level one
case: N(p) =1.



Main tool

Modularity lifting: This is a result of the fol-
lowing type:

Given a continuous 2-dimensional representa-
tion p: G — GL>(F) that arises from a new-
form then any continuous representation p that
lifts p:
GL>(O)
i

GQ—LGLy(k)
which is finitely ramified, and satisfies a local
condition at p of potential semistablity in the
sense of Fontaine, again arises from a new-
form, i.e., is modular.

This can be viewed as a relative version of the
Fontaine-Mazur conjecture in a particular situ-
ation. This was the type of theorem proved by



Wiles and Taylor in their work on the Shimura-
Taniyama conjecture.

This is one of the main tools available to prove
modularity of Galois representations. Its lim-
itation is that it assumes residual modularity.
Somewhat paradoxically, the proof of Serre’s
conjecture which addresses residual modular-
ity, uses these modularity lifting techniques com-
bined with other developments arising from it
that are due principally to Taylor (potential
version of Serre's conjecture), and Skinner-
Wiles, Diamond, Fujiwara and Kisin (develope-
ments of the modularity lifting machinery).



Where does Serre’s
conjecture fit?

To answer the question, it seems appropriate
to state other related conjectures.

Conjecture (Artin) Suppose pc : Gg — GL2(C)
is an irreducible continuous odd representation.
Then pc arises from a newform of weight 1.

Conjecture (Serre) Letp > 2 be a prime. Sup-
posep : Gq — GLx(Fp) is an irreducible contin-
uous odd representation. Then p arises from a
newform.

Conjecture (Fontaine-Mazur) If an absolutely
irreducible p : Gq — GL2(0), with O the ring
of integers of a finite extension of Qp, is odd



and ramified at only finitely many primes and
plp, is potentially semistable, then up to twist
p arises from a newform.

These conjectures are related to the Lang-
lands program.



There are relationships between these conjec-
tures:

Serre implies Fontaine-Mazur (Wiles, Tay-
lor, ....)

Serre implies Artin (we will explain this be-
low)

Fontaine-Mazur implies Serre (Ramakrishna)

The actual statements, especially in the first
stated implication, are more hedged. But the
recent work of Kisin and Emerton, building on
the p-adic Langlands program of Berger, Breuil
and Colmez, might even make this literally true
(when the Hoodge-Tate numbers of the lift are
unequal)!



2-dimensional
compatible systems

Serre’'s conjecture implies modularity of many
motives of rank 2 over Q. We prefer to for-
mulate this implication for compatible systems
instead. In the result below we will pretend
that all of Serre’s conjecture has been proven.
(Thus the conservative reader might just want
to assume that the compatible systems below
are “uunramified” at 2.)

We fix embeddings tp, 0 Of Q in its comple-
tions Q, and C for each prime p.

Definition For a number field £, an E-rational,
2-dimensional strictly compatible system of rep-
resentations (p,) of G is the data of:



(i) for each finite place A of E, py : Gg —
GL>(F)) is a continuous, absolutely irreducible
representation of Gp,

(ii) for all finite places g of Q, if X is a place
of E of residue characteristic different from gq,
the Frobenius semisimplification of the Weil-
Deligne parameter of p,[p, is independent of
A, and for almost all primes g this parameter is
unramified.

(iii) For almost all primes A of E, p)|p, is
crystalline at ¢ of integral Hodge-Tate weights
(a,b) with a > b that are independent of /,
where £ is the residue characteristic of A.

When a # b, then the system is said to be
regular, otherwise irregular.

When we say that for some number field E, a
E-rational compatible system of 2-dimensional



representations (py) of G lifts p we mean that
for the place A of E fixed by ¢p, the residual
representation arising from p, is isomorphic to

p (i.e., py lifts p).

By abusing notation, for a prime ¢ we denote
by py, the f-adic representation p, of the com-
patible system (p)) for A the place above ¢ we
have fixed. We denote by p, the (semisimpli-
fication of) residual representation that arises
from py. We say that the compatible system is
irreducible if each p) is absolutely irreducible.



A consequence of
Serre’s conjecture

Proposition:

(i) A regular strictly compatible system that
IS odd arises up to twist from a newform of
weight > 2.

(ii) An irregular strictly compatible system that
IS odd arises up to twist from a newform of

weight 1.



Proof of modularity of
compatible systems

T he proofs are similar to the argument used by
Serre in his Duke paper to deduce modularity
of elliptic curves over Q from his conjecture

Firstly after twisting we may assume that the
Hodge-Tate numbers (a,b) of the compatible
system are such that =0 and a > O.

In the case of (i), when a > 0, we see that
Serre’'s conjectures apply to p, for infinitely
many A and that these arise from a fixed new-
form f € S(Ir{(N),O) for some integers k, N
with & > 1,N > 6, and with O the ring of
integers of a number field E. From this it fol-
lows, comparing the characteristic polynomials
of Frobenii that arise from the compatible sys-
tem attached to f and those attached to (p)),
that (py) arises from f.



In the case of (ii), when a = b = 0, the com-
plication is that mod ¢ weight 1 forms need
not lift to characteristic 0. The argument to
circumvent this, gives a way of going from re-
sults about “regular’ Galois representations to
“irregular’” ones.

By a theorem of Sen and Fontaine for all but
finitely many A, py is unramified at £(\) which
is the residue characteristic of the residue field
arising from \.

From this we can at first only conclude that
py for almost all A arises from Sa)\)(l‘l(N),O)
(N > 6) where £()\) is the residue charateristic
of the residue field arising from A. We cannot
conclude as the dimensions of Sy y)(IM1(N))
tend to infinity.

But a result of Gross, Coleman-Voloch (this is
the “non-formal’ step of this extra argument



in the irregular case) yields that in fact p, arises
from a much smaller space S1(IM1(NV),Fy)katz C
Seny(M1(NV),0) @ Fy. The dimensions of

S1(M(N),Fy)Kkatz

are bounded independently of £. On the other
hand the reduction map

S1(M1(N), O)classical — S1(M1(NV), IIfTA)Katz

may still not be surjective.

But after throwing out a further “sporadic” fi-
nite set of primes (primes in the support of the
torsion of H1(X1(N)p,wn)), this map is indeed
surjective and thus one sees that for almost all
A, py does indeed arise from S1(IM1(V), O)classical
allowing us to conclude as earlier.



Non-liftable forms

There are example of mod ¢ weight 1 forms
that cannot be lifted to characteristic 0.

(i) Mestre has an example of a weight 1 mod
2 form whose attached Galois representation
has image SL»(Fg): this cannot be lifted to
characteristic 0 as the subgroups of GL5»(C)
are limited.

(ii) Consider a 2-dimensional mod 2 represen-
tation of Gal(Q/Q) that is unramified at 2 and
has projective image Ags and is even. This
arises from a weight 1 mod 2 form which can-
not be lifted.



Abelian varieties of
GL>-type and Artin’s
conjecture

Definition: An abelian variety A over Q is said
to be of GL-type if it is simple, and if there is
a number field L such that [L : Q] = dim(A),
and an order O of L such that O — Endg(A).

A corollary of part (i) of the above proposi-
tion is the generalised Shimura-Taniyama-Weil
conjecture:

Corollary: For an abelian variety A over Q of
GLo-type with conductor N, there is a non-
constant morphism « : X1(NN) — A.

The corollary follows from the part (i) of the
earlier proposition (in the case of |[a —b| = 1)



and Faltings’ isogeny theorem. For |a —b] > 1,
we do not seem to be able to make a “motivic”
statement for lack of a Tate conjecture for
modular forms of weight k£ > 2.

Part (ii) yields Artin’'s conjecture as an Artin
representation pc gives rise to a compatible
system of the type in part (ii).



Liftings of residual p

Consider a residual representation p : Gal(Q/Q) —
GL5(F) such that ﬁ|Q(Mp) is irreducible. Fix a
large finite extension E/Qp, and its ring of in-
tegers O.

Consider lifting data of the following kind:

For each prime g # p a lifting pq of ﬁ|Dq with
values in GL»(0O), such that the lifts are un-
ramified for almost all q. For q = p fix a po-
tentially semistable lift p, of p|Dp with values
in GL>(0O): attached to this there is a Weil-
Deligne parameter (7, N) with 7 a complex rep-
resentation of I, and N a nilpotent matrix in
GL>(C), and Hodge-Tate numbers (a,b).

Also assume that there is an odd Hecke char-
acter ¢ which matches with the determinants
of pqlr, (this is only a condition for p = 2).



One of the main technical tools in the proof
of Serre’'s conjecture is the following kind of
result:

LT: After enlarging E, thereis a lift p : Gal(Q/Q) —
GL>(O) of p with determinant arising from ),
such that for all primes g # p, p|[q is isomor-
phic to p, (as E-valued representations), and
p|Dp IS potentially semistable such that its in-
ertial Weil-Deligne parameter is isomorphic to
(T|[p,N) and with Hodge-Tate numbers (a,b).

We do not quite prove this result (especially
one needs this, and we have proved this, with
many more restrictions at p) but prove enough
of it to suffice for our needs. Such liftings
with the properties above ensured for almost
all primes ¢q is a result of Ramakrishna. For
our applications it is important to produce the
above more calibrated type of liftings with the
properties ensured at all primes q



When p is modular this is a result of Dia-
mond and Taylor building on work of Ribet
and Carayol.



How does one produce
the liftings?

We consider a deformation ring R (a complete,
Noetherian, local (CNL) O-algebra), defined in
terms of the lifting data, which has the prop-
erty such that whenever there is a morphism
m: R — O, with O the ring of integers of a
finite extension E’/Qp, then there is a lifting
pr - Gal(Q/Q) — GLo(O') with the desired lo-
cal properties (and conversely). Thus it will be
enough to prove the existence of such a mor-
phism 7. The definition of this ring R is after
Mazur, and also needs Kisin's idea of framed
deformations.

Using Taylor’s results on potential modularity
of p, and modularity lifting theorems (R =
T theorems) over totally real fields, one first
proves that R is a finite O-module. Using



obstruction-theory arguments of the type used
by Mazur, Boeckle and Kisin, one shows that
the Krull dimension of R is at least 1. These
2 facts together yield that p € R is not nilpo-
tent and hence there is a prime ideal I of R
with p € I, and thus the fraction field of R/I
is a finite extension E’ of Qp. Thus the map
R — R/I — E’ produces the desired lifting.



Existence of compatible
systems

Taylor and Dieulefait, using Taylor's potential
modularity result, Brauer's theorem and solv-
able base change, prove that given a lift p as
above, it is part of a strictly compatible sys-
tem (py). In practise at times one needs finer
properties of pg|[€, that are not part of the def-
inition of a compatible system. These I will
spell out as and when needed.



Applications of minimal
liftings to low levels and
weights

A minimal lift is a particular case of the lifts
constructed which are roughly characterised by
the fact that, assuming 2 < k(p) < p 4+ 1,
N(p) = N(p), and plp, is crystalline of weight
k, i.e., of Hodge-Tate weights (k(p) — 1,0).

This yields the following result:

Proposition:

(i) There are no S-type pwith k(p) =2, N(p) =
1. As a consequence there are no irreducible

finite flat group schemes G of type (p,p) over
Spec(Z).



(ii) There are no S-type representations p with
k(p) = 2, and N(p) = ¢q = 2,3,5,7,13. A
S-type representation p with k(p) = 2, and
N(p) = g = 11 arises from Jp(11) (and also
from the A function).

(iii) There are no S-type representations p such
that N(p) =1, and 2 < k(p) <8, or k(p) = 14.
Any S-type representation p such that N(p) =
1, and k(p) = 12, arises from the Ramanujan
A-function.



Low levels and weights:
proofs

(i) The fact that (i) follows from minimal lift-
iNgs is an observation that is independently due
to Dieulefait and Wintenberger. Let p bein the
statement. Consider a minimal lifting p and
the compatible system (p,) that it is part of,
and consider p7. Results proved by Fontaine
and Abrashkin show that p7 is reducible, hence
SO is p which contradicts the irreducibility of p.

The statment about finite flat group schemes
follows by an argument of Serre in his Duke
paper. This uses results of Raynaud (to re-
strict behavior of Ip in the Galois representa-
tions that G gives rise to), and the fact that Q
has no unramified extensions!

(ii) Again one uses a minimal lifting p and Tay-
lor's results yield that p arises from an abelian



variety over Spec(Z) [%], with semistable reduc-
tion at ¢q. All these by results of Brumer-
Kramer and Schoof are isogenous to powers

of Jo(q).

(iii) This uses (ii) and the fact that weights
considered are one more than a prime. Lets
do the case:

k(p) = 6,N(p) = 1. Suppose we have an ir-
reducible p with N(p) = 1,k(p) = 6 as in the
theorem (and we may assume p > 3 by Serre’s
result for p = 3). We use minimal lifts to
get a compatible system (p),) of weight 6, i.e.,
Hodge-Tate of weights (5,0), and with good
reduction everywhere.

Assume the representation pg arising from the
compatible system is reducible. Then we de-
duce that pg is modular by Skinner-Wiles lifting
results. Otherwise, we get a minimal lift p/ of



ps that is unramified outside 5, and semistable
(and not crystalline) of weight 2 at 5.

(% 1)

Such a p’ by results of Taylor arises from an
abelian variety A over Q that is semistable and
with good reduction outside 5. But by results
of Brumer-Kramer such an A does not exist.

T\

weight 2 semistable at Einked mod 5 weight 6 crystalline compatible system

Two linked compatible systems: the case of
weight 6



T he following definition is useful:
Definition of linked compatible systems:

Let £ be a number field. We say that two
E-rational, compatible systems of representa-
tions of G are linked (at \) if for some fi-
nite place \ of E the semisimplifications of the
corresponding residual mod A\ representations
arising from the two systems are isomorphic up
to a twist by a (one-dimensional) character of
G-



Applications of minimal
liftings to Fermat’s Last
T heorem

One can give a variation on Wiles' proof of
Fermat's last theorem.

Recall that in Serre's Duke paper it is shown
how the Frey construction of a semistable ellip-
tic curve Egppp » Over QQ, associated to a Fer-
mat triple (a,b,c), i.e., adP+bP+cP = 0, a, b, c CO-
prime and abc #= 0, and where we may assume a
is —1 mod 4, b even, and p a prime > 3, leads
to a S-type representation p (the irreducibil-
ity is a consequence of a theorem of Mazur)
with k(p) = N(p) = 2. Wiles proved Fermat's
Last Theorem by showing that E is modular
and hence p is modular and thus by Ribet’s
level-lowering results, p arises from S>(IMg(2))



which gave a contradiction as the |latter space
IS empty.

A possible way to prove Fermat's Last Theo-
rem is to show that p arises from a semistable
abelian variety A over Q with good reduction
outside 2 (note that E has conductor the rad-
ical of abc). This would give a contradiction
as by the results of Brumer-Kramer such an A
does not exist.

Minimal liftings enable one to give such a proof.
The minimal lifting result produces a lift of p
that is Barsotti-Tate at p and has semistable
reduction at 2, and is unramified everywhere
else. Taylor's results towards the Fontaine-
Mazur conjecture prove that such a p arises
from A which gives a contradiction.

This proof while different in appearance from
that of Wiles, uses all the techniques he de-
veloped in his original proof. The “simplifica-
tions” in this slightly different approach are:



(i) We do not need to use the results of Langlands-
Tunnell, that prove Serre’s conjecture for a p
with solvable image, that Wiles had needed;

(ii) This altered proof does not make use of
the most difficult of the level-lowering results
which is due to Ribet, but instead uses the level
lowering up to base change results of Skinner-
Wiles. This step does use the solvable base
change of Langlands.



Modularity lifting results

Consider a 2-dimensional mod p > 2 represen-
tation p of G which is odd and with 2 < k(p) <
p—+ 1 with p > 2. We do not assume that p is
irreducible, but we do assume that p is modu-
lar, which in the reducible case simply means
odd. The following theorem is the work of
many people, Wiles, Taylor, Breuil, Conrad,
Diamond, Flach, Fujiwara, Guo, Kisin, Savitt,
Skinner et al. and is absolutely vital to us.

Theorem: (ML)

1. Let p be a lift of p to a p-adic representation
that is unramified outside p and crystalline of
weight k£, with 2 < k< p—+ 1, at p. Then p s
modular.

2. Let p be a lift of p to a p-adic represen-
tation that is unramified outside p and either



semistable of weight 2, or Barsotti-Tate over
Qp(up). Then p is modular.

3. Let p be a lift of p to a p-adic representation
that is unramified outside a finite set of primes
and is Barsotti-Tate at p. Then p is modular.



An inductive hook

The following result follows immediately from
minimal liftings and modularity lifting results
and is crucial for our inductive proof of the
level one conjecture.

Theorem: (i) Given an odd prime p, if all 2-
dimensional, mod p, odd, irreducible represen-
tations p of a given weight k(p) = k < p+ 1,
and unramified outside p, are known to be
modular, then for any odd prime g > k£ — 1,
all mod g representations p’ of S-type, of level
one, and of weight k(p') = k, are modular.

(ii) If the level one case of Serre’'s conjecture
is known for a prime p > 2, then for any prime
q, Serre’s conjectures is known for all mod gq
representations p which are of S-type, of level
one, and of weight k(p) <p+4 1.



Chebyshev-type
estimates on primes

In the arguments below we will use, that for
each prime p > 5, there is a non-Fermat prime
P > p (for example P the smallest non-Fermat
prime > p) and an odd prime power divisor
"||(P —1) so that

P 2m+41 m 1
e e e oL N €D

where we have set /" =2m + 1 with m > 1.




The level 1 case: Proof

We know the level 1 case for p =5 as we have
proved the level 1 conjecture for weights up to
6. The inductive hook ensures that if we prove
the level one case of Serre’'s conjecture for a
prime p > 2, then we know the level one case
of Serre's conjecture for all primes < p. The
number of non-Fermat primes is infinite. Thus
it will suffice to prove the level 1 conjecture for
each non-Fermat prime p > 5. We do this by
induction on primes.

Assume we have proved the level one case of
Serre’s conjecture for a (not necessarily non-
Fermat) prime p > 5. Consider the smallest
non-Fermat prime P > p.

Consider a S-type representation p GQ —
GL>(F) with IF a finite field of residue charac-
teristic P > 5, and such that 2 < k(p) < P+ 1.



By the estimates on primes, there is an odd
prime power divisor " :=2m + 1 of P—1, and
such that the primes p and P satisfy the bound
given earlier:

P 2m+41 m 1
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We produce a weight 2 irreducible compatible
system (p,) lifting p. By this we mean that py

is unramified outside p, and either semistable
of weight 2 at p, or with WD parameter (w’;@)—Q@
1,0).

Consider the residual (semisimplified) mod ¢
representation p, that arises from py,. If p, is
reducible, or is unramified at P, and hence is
reducible by the weight 2 level 1 case, or py is
dihedral (and hence modular), we are done by
applying ML. Thus we may assume p, is not
dihedral, is not reducible, and is ramified at P.

Observe that there is an
m m—+ 1

NS [2m—|— 1(P— 1),(2m_|_ 1)(P— 1)]

such that the character w}; IS congruent mod-
ulo our chosen place above ¢ to the charac-
ter wéi(ﬁ)_z. Using lifting techniques LT we
see there is an irreducible, strictly compatible




system (p)) lifting p, with the following prop-
erty: the irreducible ¢-adic lifting p) is unram-
ified outside {¢, P}, is Barsotti-Tate at ¢, and
Pyl is of the form

o
o 1)’

with i € [52(P — 1), (32t (P - 1)].
Consider the P-adic representation p’P in this
system (p)), and the corresponding (semisim-
plified) residual representation ﬁ’P. By a re-
sult of Breuil, Mezard and Savitt, we get that
k(pp) =i+ 2 or k(p@xp ") =P+ 1—1
Using the Chebyshev-type estimates on primes
we see that 2 < k(ph ® Xp’) < p+ 1 for some
9 € 4.

Thus either p’5 is reducible, or pp is irreducible
and by our induction hypothesis and the in-
ductive hook we again see that ﬁ’P IS modular.



As p'p is irreducible, unramified away from P,
p’plp, is Barsotti-Tate over Qp(up), and plp is
modular, ML implies that p’5, and hence (pg\),
is modular. Now the proof concludes by using
that the compatible systems (p)) and (p)) are
linked (at ¢): we spell this out.



T he proof concludes

As (p)) is modular, pj is modular. Therefore
by definition p,, being the reduction of ,02, IS
modular. As pp is an irreducible lifting of py
that is finitely ramified and Barsotti-Tate at /,
and its reduction p, is modular, we conclude
by ML that py, is modular, Therefore (py) is
modular, and hence pp is modular. Hence p is
modular.



Where to from here?

One might wonder whether the methods of the
proof of Serre’s conjecture can work in greater
generality to prove modularity of more compli-
cated Galois representations.

For instance one might try and extend it to
prove an analog of Serre's conjecture for 2-
dimensional totally odd irreducible representa-
tions of Ggp with F' a totally real field.

But even for real quadratic F' we run into a se-
rious problem because of the following reason.

The proof of Serre’'s conjecture in retrospect
can be viewed as a method to exploit an acci-
dent which occurs in a few different guises:

1. (Fontaine, Abrashkin) There are no non-
zero abelian varieties over Spec(Z).



2. (Tate, Serre) There are no irreducible rep-
resentations p : Gal(Q/Q) — GLo(F) with F
the algebraic closure of either o or [F3 that
are unramified outside 2 and 3 respectively.

3. Héusp(SLQ(Z)aR) = 0.

These accidents allow one to prove Serre’s
conjecture for very small invariants (p, k(p), N(p))
attached to p (forexamplep =2, N(p) = 1,k(p) =
2).

Given these accidents, there is a fairly system-
atic method to exploit them to prove Serre’s
conjecture for all other triplets of invariants by
linking different invariants by a series of linked
compatible systems.

Such accidents do not happen even for a gen-
eral real quadratic field F'.



But another direction is more promising to ap-
ply the methods above: we consider higher di-
mensional representations of Gal(Q/Q).

This is especially so in the light of the recent
breakthrough of Taylor that proves modular-
ity lifting and potential automorphy in higher
dimensions completing his work with Clozel,
Harris and Shepherd-Barron.

Here the accidents persist for a while:

(a) (Fontaine) There is no 7-adic representa-
tion of Gg that is unramified outside 7, and
crystalline at 7 with Hodge-Tate weights &
[0, 3], that is irreducible.

(b) (Fermigier, Miller) H{,s5p(SLn(Z),R) = 0
for n < 23. Irreducible n-dimensional p-adic
representations which are expected to be at-
tached to cusp forms which contribute to



Heusp(SLn(Z),R) are supposed to have the prop-
erty that they are unramified outside p, and
crystalline at p with Hodge-Tate numbers
0,1,---,n—1.

This suggests that for n < 23 there are no ir-
reducible n-dimensional p-adic representations

of G unramified outside p and crystalline at p
with Hodge-Tate weights 0,1,--- ,n—1. Fontaine’s
result proves this for n < 4.

This holds out promise that one can prove
an analog of Serre’s conjecture for certain 3-
dimensional and 4-dimensional representations
of Gal(Q/Q). For instance consider the follow-
ing very vague conjecture which might be ac-
cessible because of Fontaine’s result, and the
methods used to prove Serre’'s conjecture:

Conjecture: Let Gal(Q/Q) — GSpsa(F) be an
irreducible representation that is odd (i.e., the



similitude character is odd). Then p arises
from an automorphic representation of GSp4(A).

Still there is a lot of work to be done to fulfill
the promise.



