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1. Introduction

Let p > 5 be a prime, and N be an integer prime to p, called the tame level.
For each weight & > 2, and integer r > 1, consider the spaces of cusp forms of level
Np" with Z,, coefficients:

Sk(T1(Np"),Zy),r>1
For each pair of integers r > s > 1, we have the inclusion map:
Se(T1(Np®), Zy) — Sk(T'1(Np"), Zy)

The basic question is: how can we organise these spaces with respect to these
inclusions?

Here, in the case of Hida’s theory, we’ll limit to the space of ordinary forms:
let S¢*4(T1(Np"),Z,) be the largest Z, submodule of S, (I'1(Np"),Z,) over which
the operator U, acts as isomorphism. As above, we have the inclusion:

(1.1) SyTy(Np®), Zy) — SP (T (Np"),Zp),r > s > 1

Let SPA(T1 (Np®),Z,) = U, S(T3 (Np), Z,). Define S99 (T (Np™), Z,),
the ring of ordinary p-adic modular forms, to be the completion of S¢*4(T'y (Np™), Z,)
with respect to the sup norm on Fourier coefficients. We would like to know the
structure of S¢*4(T';(Np>),Z,) and the relation between S¢™4(I'y(Np*>),Z,) and
ST (NpT), Z,y).

Hida studied these spaces through their Hecke algebras. Let hy(Np",Z,)
be the Hecke algebra of level Np", which is a semilocal Z,-algebra, acting on
Sk(T'1(Np"),Z,). Define h$*(Np", Z,), the ordinary part, to be the maximal direct
summand over which the image of U, is invertible.

These Hecke algebras are dual to the space of cusp forms via the perfect pairing:

()t BY(ND", Zyy) x STYT1(ND"), Zyy) — Zy

given by (h, f) = a(1, f|h).
Dual to the inclusion (1.1) are the restriction maps:

(1.2) h (D1 (Np"), Zp) — hg (D1 (Np®), Zp), 7 > s > 1
And the above pairing is compatible with the transition maps (1.1) and (1.2).
Thus, the structure of SP™4(I'1(Np™),Z,) can be obtained, by duality, from
the structure of:
(D1 (Np™), Zp) = lim hi™ (D1 (Np'), Z,)
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Recall the group I' = 1+pZ,, let I', = 14+p"Z,, be the unique subgroup of index
p"~1, so that I'/T,. is identified as the p-primary component of (Z/p"Z)*. Consider
the Iwasawa algebra A = Z,[[T]] := lim_ Z,[['/T',] The space S{™4(T'1(Np*>), Z,)
can be given the structure of A module, using the fact that, at a finite level, the
diamond operators gives S¢™4(I'1 (Np"), Z,,) the structure of Z,[I'/T,] module. Dual
to this, the algebra h{*4(T';(Np>),Z,) can be given the strucure of A algebra as
follows: we have a (ring) homomorphism:

Z,[T/T;] — b (T1(ND"), Zy)

given by the diamond operators. Passing to the inverse limit, we get a homomor-
phism:
A =1im Z,[['/T,] — hg'd (T (Np™), Z,)

This gives the desired A algebra structure on A. The following theorem of Hida gives
us information on the structure of h{*d(T'1 (Np"), Z,), via that of RFY(T'1 (Np>), Z,):

THEOREM 1.1. The A module h{*4(T'1(Np>),Z,) is free over A of finite rank;
moreover the perfect control theorem holds, i.e. for all v > 1, we have:

hird (Pl(NpT)’ Zp) & h%rd(r‘l(Npoo), Zp) QA Zp [F/FT]

Note that, by duality, this theorem gives a corresponding result on S¢*4(T'y (Np>), Z,),
that it’s a free A module of finite rank, and S¢™(T'; (Np"), Z,) is precisely its sub-
module of I', invariants.

Furthermore, the fact that h$™ (1 (Np>), Z,) is finite free over A means that
Spec(hgrd(T'1(Np™), Z,)) is a finite (ramified) cover of Spec(A), the weight space.
Since a p-ordinary eigenform is just a Z, valued point of Spec(h*(T'1 (Np>), Z,)),
one can deduce that an eigenform can always be p-adically deformed in families.

Two approaches, one algebro-geometric and other being group cohomological,
were given by Hida to prove Theorem 1.1. In the group cohomological approach
[2], one studies the cohomology of the groups I'y(Np") with coefficients in certain
Z, modules. The Hecke algebra h{*d(I'1(Np>), Z,) acts naturally on these coho-
mology groups. One establish the control theorems for these cohomology groups,
and then deduce the control theorems for the Hecke algebras. This approach has
been generalised in [5] to the case of GSp(4). However, the existence of p-torsion
in the higher cohomology groups in the more general case presents some difficulties
[4].

The algebro-geometric one [1], which is historically the first, one directly estab-
lishes the control theorem for the spaces of cusp forms. For this, one need to study
the Igusa tower, which form a covering of the ordinary locus of modular curves.
This approach has been generalised in [3] [4] to quite general Shimura Varieties.
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